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ON THE UNIQUENESS OF COMPLETE BICONSERVATIVE
SURFACES IN R3
SIMONA NISTOR AND CEZAR ONICIUC
Abstract. We study the uniqueness of complete biconservative surfaces in the
Euclidean space R3, and prove that the only complete biconservative regular sur-
faces in R3 are either CMC or certain surfaces of revolution. In particular, any
compact biconservative regular surface in R3 is a round sphere.
1. Introduction
In the last years, the theory of biconservative submanifolds proved to be a very
interesting research topic, as shown, for example, in [1, 4–6, 12, 14–16, 18–21]. This
topic arose from the theory of biharmonic submanifolds, but the class of biconser-
vative submanifolds is richer than the former one.
In order to define biharmonic submanifolds, let us first consider (Mm, g) and
(Nn, h) two Riemannian manifolds and the bienergy functional
E2 : C
∞(M,N)→ R, E2(ϕ) = 1
2
∫
M
|τ(ϕ)|2 vg,
where τ(ϕ) = traceg∇dϕ is the tension field of a smooth map ϕ : M → N with
respect to the fixed metrics g and h. A biharmonic map, as suggested by J. Eells and
J.H. Sampson in [2], is a critical point of the bienergy functional. The corresponding
Euler-Lagrange equation, obtained by G.Y. Jiang in [9], is
τ2(ϕ) = −∆ϕτ(ϕ)− traceg RN (dϕ, τ(ϕ))dϕ = 0,
where τ2(ϕ) is called the bitension field of ϕ, ∆
ϕ = − traceg
(∇ϕ∇ϕ −∇ϕ∇) is the
rough Laplacian defined on sections of ϕ−1(TN), and RN is the curvature tensor
field of N given by
RN (X,Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
An isometric immersion ϕ : (Mm, g)→ (Nn, h) or, simply, a submanifold M of N , is
called biharmonic if ϕ is a biharmonic map. Any harmonic map is biharmonic and,
therefore, we are interested in studying biharmonic and non-harmonic maps which
are called proper-biharmonic. As a submanifold M of N is minimal if and only if
the map ϕ : (M, g) → (N,h) is harmonic, by a proper-biharmonic submanifold we
mean a non-minimal biharmonic submanifold.
Following D. Hilbert ([8]), to an arbitrary functional E we can associate a symmet-
ric tensor field S of type (1, 1), called the stress-energy tensor, which is conservative,
i.e., divS = 0, at the critical points of E. In the particular case of the bienergy
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2 SIMONA NISTOR AND CEZAR ONICIUC
functional E2, G.Y. Jiang ([10]) defined the stress-bienergy tensor S2 by
〈S2(X), Y 〉 =1
2
|τ(ϕ)|2〈X,Y 〉+ 〈dϕ,∇τ(ϕ)〉〈X,Y 〉
− 〈dϕ(X),∇Y τ(ϕ)〉 − 〈dϕ(Y ),∇Xτ(ϕ)〉,
and proved that
divS2 = −〈τ2(ϕ), dϕ〉.
Therefore, if ϕ is biharmonic, i.e., is a critical point of E2, then divS2 = 0. The
variational meaning of S2 was explained in [11].
One can see that if ϕ : (Mm, g) → (Nn, h) is an isometric immersion, then
divS2 = 0 if and only if the tangent part of the bitension field associated to ϕ
vanishes. A submanifold M is called biconservative if divS2 = 0.
The surfaces with constant non-zero mean curvature function (CMC surfaces)
and the minimal surfaces in 3-dimensional spaces with constant sectional curvature
N3(c) are trivially biconservative, and the explicit local parametric equations of
biconservative surfaces in R3, S3 and H3, with grad f nowhere vanishing, where f
denotes the mean curvature function, were determined in [1] and [5]. When the
ambient space is R3 the result in [7] was also reobtained in [1].
Even if the notion of biconservative submanifolds belongs to the extrinsic geom-
etry, in the particular case of biconservative surfaces in N3(c), they also admit an
intrinsic characterization that was found in [3].
In [14] we extended the local classification results for biconservative surfaces in
N3(c), with c = 0 and c = 1, to global results, i.e., we asked the biconservative
surfaces to be complete and with grad f 6= 0 on a non-empty open subset (non-
CMC surfaces). More precisely, we constructed, from the intrinsic and extrinsic
point of view, complete biconservative surfaces in R3 and S3 with grad f nowhere
vanishing on an open dense subset.
The paper is organized as follows. After a short section where we recall some re-
sults on biconservative surfaces in R3, we give, in the third section, some uniqueness
results concerning complete non-CMC biconservative surfaces in R3. We prove that
the only complete non-CMC biconservative regular surfaces in R3 are the known
ones (see Theorem 3.7) and that there exists no compact non-CMC biconservative
regular surface in R3 (see Theorem 3.5).
Convention. All manifolds are assumed to be smooth, connected and oriented.
2. Preliminaries
As we have already seen, a biconservative submanifold ϕ : Mm → Nn is charac-
terized by τ2(ϕ)
> = 0. If we consider the case of hypersurfaces Mm in Nm+1, we
get that M is biconservative if and only if
2A(grad f) + f grad f − 2f(RicciN (η))> = 0,
where η is the unit normal of M in N , A is the shape operator, f = traceA is the
mean curvature function, and (RicciN (η))> is the tangent component of the Ricci
curvature of N in the direction of η (see [11,17]).
Moreover, if ϕ : Mm → Nm+1(c) is a hypersurface, then it is biconservative if
and only if
(2.1) A(grad f) = −f
2
grad f.
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It is then easy to see that any CMC or minimal hypersurface in Nm+1(c) is bicon-
servative and, therefore, when studying biconservative surfaces in space forms we
are interested in the non-CMC case. Here, by a non-CMC hypersurface we mean
a hypersurface with grad f different from zero at some points but there could be
points where grad f vanishes.
A direct consequence of (2.1) is the following proposition.
Proposition 2.1. Let Mm be a biconservative hypersurface in Nm+1(c). Then
f∆f − 3| grad f |2 − 2〈A,Hess f〉 = 0.
If we restrict our study to biconservative surfaces in N3(c) with grad f 6= 0 at any
point of M , we have the following local result.
Theorem 2.2 ([1]). Let ϕ : M2 → N3(c) be a biconservative surface with grad f
nowhere vanishing. Then, we have f > 0 and
(2.2) f∆f + | grad f |2 + 4
3
cf2 − f4 = 0,
where ∆ is the Laplace-Beltrami operator on M .
Next, we recall some details about the construction of complete biconservative
surfaces in R3 with grad f 6= 0 at any point of an on an open dense subset, that
was presented in [12, 14, 16]. First, this construction is done from the extrinsic
point of view, and then, from the intrinsic point of view. When using the extrinsic
approach, we work, basically, with the images. In the intrinsic approach we work
with immersions. In this case, the domain of the biconservative immersion is an
abstract surface which is complete and simply connected.
We begin with the following local extrinsic result which provides a characterization
of biconservative surfaces in R3.
Theorem 2.3 ([7]). Let M2 be a surface in R3 with (grad f)(p) 6= 0 for any p ∈M .
Then, M is biconservative if and only if, locally, it is a surface of revolution, and the
curvature κ = κ(u) of the profile curve σ = σ(u), |σ′(u)| = 1, is a positive solution
of the following ODE
κ′′κ =
7
4
(
κ′
)2 − 4κ4.
In [1] there was found the local explicit parametric equation of a biconservative
surface in R3.
Theorem 2.4 ([1]). Let M2 be a biconservative surface in R3 with (grad f)(p) 6= 0
for any p ∈M . Then, locally, the surface can be parametrized by
XC˜0(ρ, v) =
(
ρ cos v, ρ sin v, uC˜0(ρ)
)
,
where
uC˜0(ρ) =
3
2C˜0
(
ρ1/3
√
C˜0ρ2/3 − 1 + 1√
C˜0
log
(√
C˜0ρ
1/3 +
√
C˜0ρ2/3 − 1
))
with C˜0 a positive constant and ρ ∈
(
C˜
−3/2
0 ,∞
)
.
We denote by SC˜0 the image XC˜0
((
C˜
−3/2
0 ,∞
)
× R
)
. We note that any two such
surfaces SC˜0 and SC˜′0
, C˜0 6= C˜ ′0, are not locally isometric, so we have a one-parameter
family of biconservative surfaces in R3. These surfaces are not complete, but they
are regular surfaces in R3 since the immersions defining them are embeddings.
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We define the “boundary” of SC˜0 by SC˜0 \ SC˜0 , where SC˜0 is the closure of SC˜0
in R3.
The boundary of SC˜0 is the circle
(
C˜
−3/2
0 cos v, C˜
−3/2
0 sin v, 0
)
, which lies in the
Oxy plane. At a boundary point, the tangent plane to SC˜0 is parallel to Oz. More-
over, along the boundary, the mean curvature function is constant fC˜0 =
(
2C˜
3/2
0
)
/3
and grad fC˜0 = 0; at any point of SC˜0 , f is positive and grad f is different from zero.
In [14, 16] we also proved the following two properties that will be useful latter
on.
Proposition 2.5 ([14]). Let SC˜0 and SC˜′0
. Assume that we can glue them along a
curve at the level of C∞ smoothness. Then SC˜0 and SC˜′0 coincide or one of them is
the symmetric of the another with respect to the plane where the common boundary
lies.
As a consequence of the above result we have
Theorem 2.6 ([16]). If ϕ : M2 → R3 is a biconservative surface with grad f 6= 0 at
any point, then there exists a unique C˜0 such that ϕ(M) ⊂ SC˜0.
Now we can state a global extrinsic result.
Theorem 2.7 ([12, 14]). If we consider the symmetry of Graf uC˜0, with respect to
the Oρ(= Ox) axis, we get a smooth complete biconservative surface S˜C˜0 in R
3.
Moreover, its mean curvature function f˜C˜0 is positive and grad f˜C˜0 is different from
zero at any point of an open dense subset of S˜C˜0.
Remark 2.8. The profile curve σC˜0 =
(
ρ, 0, uC˜0(ρ)
)
≡
(
ρ, uC˜0(ρ)
)
can be repara-
metrized as
(2.3)
σC˜0(θ) =
(
σ1
C˜0
(θ), σ2
C˜0
(θ)
)
= C˜
−3/2
0
(
(θ + 1)3/2, 32
(√
θ2 + θ + log
(√
θ +
√
θ + 1
)))
, θ > 0,
and then XC˜0 = XC˜0(θ, v).
Remark 2.9. The “boundary” of SC˜0 coincide with the boundary of SC˜0 as a subset
of S˜C˜0 , i.e., the intersection between the closure of SC˜0 in S˜C˜0 and the closure of
S˜C˜0 \ SC˜0 in S˜C˜0 .
Remark 2.10. The profile curves of the surfaces SC˜0 and S˜C˜0 are given in Figure
1, for C˜0 = 9
1/3.
Now, we change the point of view and construct, from the intrinsic point of view,
complete biconservative surfaces in R3 with grad f 6= 0 on an open dense subset.
First, we recall the local intrinsic characterization for biconservative surfaces in
N3(c).
Theorem 2.11 ([3]). Let (M2, g) be an abstract surface and c ∈ R a constant.
Then M can be locally isometrically embedded in a space form N3(c) as a biconser-
vative surface with the gradient of the mean curvature function different from zero
at any point of M if and only if the Gaussian curvature K satisfies c −K(p) > 0,
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Figure 1. The profile curves of SC˜0 and S˜C˜0
(gradK)(p) 6= 0, for any p ∈M , and its level curves are circles in M with constant
curvature
κ =
3| gradK|
8(c−K) .
Using local isothermal coordinates, we could find some more intrinsic character-
izations of biconservative surfaces in N3(c). One of them is given by the following
result.
Theorem 2.12 ([14]). Let
(
M2, g
)
be an abstract surface and c ∈ R a constant.
Then M can be locally isometrically embedded in a space form N3(c) as a biconser-
vative surface with the gradient of the mean curvature function different from zero
at any point of M if and only if the Gaussian curvature K satisfies c −K(p) > 0,
(gradK)(p) 6= 0, for any p ∈ M , and the metric g can be locally written as g =
e2ρ
(
du2 + dv2
)
, where (u, v) are local coordinates positively oriented, and ρ = ρ(u)
satisfies the equation
(2.4) ρ′′ = e−2ρ/3 − ce2ρ
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and the condition ρ′ > 0. Moreover, the solutions of the above equation, u = u(ρ),
are
u =
∫ ρ
ρ0
dτ√
−3e−2τ/3 − ce2τ + a
+ u0,
where ρ is in some open interval I, ρ0 ∈ I and a, u0 ∈ R are constants.
Then, from the above theorem for c = 0, one obtains
Proposition 2.13 ([14]). Let
(
M2, g
)
be an abstract surface. Then M can be locally
isometrically embedded in R3 as a biconservative surface with grad f 6= 0 at any point
of M if and only if the Riemannian metric g can be locally written as
gC0(u, v) = C0 (coshu)
6 (du2 + dv2), u > 0,
where C0 ∈ R is a positive constant.
Concerning the complete non-CMC biconservative surfaces in R3, we have the
next global intrinsic result.
Theorem 2.14 ([14]). Let
(
R2, gC0 = C0 (coshu)
6 (du2 + dv2)) be a surface, where
C0 ∈ R is a positive constant. Then we have:
(i) the metric on R2 is complete;
(ii) the Gaussian curvature is given by
KC0(u, v) = KC0(u) = −
3
C0 (coshu)
8 < 0, K
′
C0(u) =
24 sinhu
C0 (coshu)
9 ,
and therefore gradKC0 6= 0 at any point of R2 \Ov;
(iii) the immersion ϕC0 :
(
R2, gC0
)→ R3 given by
ϕC0(u, v) =
(
σ1C0(u) cos(3v), σ
1
C0(u) sin(3v), σ
2
C0(u)
)
is biconservative and it is an embedding, where
σ1C0(u) =
√
C0
3
(coshu)3 , σ2C0(u) =
√
C0
2
(
1
2
sinh(2u) + u
)
, u ∈ R.
Remark 2.15. For the above immersion, grad fC0 6= 0 at any point of R2 \Ov.
3. Uniqueness of biconservative surfaces in R3
In Theorem 2.14, grad f is nowhere zero on an open dense subset. Various at-
tempts to construct a biconservative surface in R3 such that grad f = 0 on a subset
with non-empty interior and grad f 6= 0 on a non-empty subset failed. This led us
to the following conjecture.
Conjecture 1. Let M2 be a biconservative surface in R3. If there exists an non-
empty open subset U of M such that grad f = 0 on U , then grad f = 0 on M .
We can also propose a stronger statement.
Conjecture 2. The only simply connected complete non-CMC biconservative sur-
faces in R3 are those given by Theorem 2.14.
To make things simpler, we could work only with regular surfaces in R3, i.e. with
those surfaces defined by embeddings, and basically we would work only with images
instead of maps. In this case, the corresponding statement to the Conjecture 2 is
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Conjecture 3. The only complete non-CMC biconservative regular surfaces in R3
are the surfaces S˜C˜0, C˜0 > 0.
In Theorem 3.1 and Theorem 3.2 we prove Conjecture 1 and, respectively, Con-
jecture 2, under some some additional hypotheses. Then, in Theorem 3.7, we prove
Conjecture 3.
Even if the uniqueness of complete non-CMC biconservative surfaces was already
mentioned in [14,16], a rigorous approach of this problem has been done only here.
Our first result is the following theorem.
Theorem 3.1. Let ϕ : M2 → R3 be a non-CMC surface. Assume that
W = {p ∈M | (grad f)(p) 6= 0}
is connected, M \W has non-empty interior and the boundaries in M of Int(M \W )
and M \ W coincide, i.e., ∂M Int(M \ W ) = ∂M (M \ W ). Then M cannot be
biconservative.
Proof. Assume that M is biconservative. The boundary ∂MW is non-empty and let
us consider an arbitrary point
p0 ∈ ∂MW = ∂M (M \W ) = ∂M Int(M \W ).
As W is an open subset, it follows that p0 /∈W .
There exists an open subset U0 of M such that p0 ∈ U0 and ϕ|U0 : U0 → R3 is an
embedding. Thus, we can identify U0 with its image ϕ (U0) ⊂ R3 and then U0 can
be seen as a regular surface in R3.
We note that p0 ∈ ∂MW∩U0 allows the existence of a sequence
(
p1n
)
n∈N∗ ⊂W∩U0,
p1n 6= p0, for any n ∈ N∗, which converges to p0, with respect to the intrinsic distance
function dM on M , and, similarly, from p0 ∈ ∂M Int(M \W ) ∩ U0 it follows that
there exists a sequence
(
p2n
)
n∈N∗ ⊂ Int(M \ W ) ∩ U0, p2n 6= p0, for any n ∈ N∗,
which converges to p0, with respect to dM . It is easy to see that we can identify
p1n = ϕ
(
p1n
)
and p2n = ϕ
(
p2n
)
.
Now, since W is connected, open in M and grad f 6= 0 at any point of W , from
Theorem 2.6, one obtains that there exists a unique C˜0 such that ϕ(W ) is an open
subset in SC˜0 . Then, as W ∩U0 is open in W , it is clear that ϕ (W ∩ U0) is open in
SC˜0 . In fact, using the identification ϕ (W ∩ U0) = W ∩ U0, we have that W ∩ U0
is open in SC˜0 . We recall that SC˜0 is open in the complete surface S˜C˜0 , and then
W ∩ U0 is also open in S˜C˜0 .
Further, we denote by d0 the distance function on R3 and by dS˜C˜0
the intrinsic
distance function on S˜C˜0 .
Obviously, the convergence of the sequence
(
p1n
)
to p0 with respect to the distance
dM , implies the convergence of
(
p1n
)
to p0 with respect to d0.
The sequence
(
p1n
)
has been chosen in W ∩U0, so
(
p1n
) ⊂ S˜C˜0 . As S˜C˜0 is a closed
subset in R3, we obtain that p0 ∈ S˜C˜0 and thus
(
p1n
)
converges to p0 also with respect
to the distance dS˜C˜0
.
We have already seen that W ∩U0 is open in U0 and also in S˜C˜0 . Then, the mean
curvature functions f and f˜C˜0 corresponding to M and S˜C˜0 , respectively, coincide
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on W ∩ U0. Therefore, for any n ∈ N∗, one has
(3.1)

f
(
p1n
)
= f˜C˜0
(
p1n
)
(grad f)
(
p1n
)
=
(
grad f˜C˜0
) (
p1n
)∣∣(grad f) (p1n)∣∣ = ∣∣∣(grad f˜C˜0) (p1n)∣∣∣
(∆f)
(
p1n
)
=
(
∆f˜C˜0
) (
p1n
) .
From the convergence of
(
p1n
)
to the same p0, with respect to both distance functions
dM and dS˜C˜0
, and from the third equation in (3.1), one gets
|(grad f) (p0)| =
∣∣∣(grad f˜C˜0) (p0)∣∣∣ .
As p0 /∈ W , we have (grad f) (p0) = 0 and then
(
grad f˜C˜0
)
(p0) = 0, which means
that p0 belongs to the boundary of SC˜0 in S˜C˜0 . Thus, f˜C˜0 (p0) = 2C˜
3/2
0 /3 6= 0.
In particular, we get that ∂MW ⊂ ∂S˜C˜0SC˜0 .
Using the first equation in (3.1) and the convergence of
(
p1n
)
to p0, with respect
to dM and dS˜C˜0
, we obtain f (p0) = f˜C˜0 (p0).
From (2.2) for c = 0, one has
f
(
p1n
)
(∆f)
(
p1n
)
+
∣∣(grad f) (p1n)∣∣2 − f4 (p1n) = 0,
for any n ∈ N∗. We may pass to the limit with respect to the distance dM in the
above equation and obtain
f (p0) (∆f) (p0) + |(grad f) (p0)|2 − f4 (p0) = 0.
According to the above facts, this is equivalent to
(3.2) f˜C˜0 (p0) (∆f) (p0)− f˜4C˜0 (p0) = 0.
We have also seen that there exists a sequence
(
p2n
)
n∈N∗ ⊂ Int(M \W ) ∩ U0 which
converges to p0, with respect to the distance dM . Since grad f = 0 at any point
of Int(M \ W ) ∩ U0 and Int(M \ W ) ∩ U0 is open in M , it is easy to see that
(grad f)
(
p2n
)
= 0 and (∆f)
(
p2n
)
= 0, for any n ∈ N∗. Considering the limit with
respect to the distance dM in the above two relations we get (grad f) (p0) = 0 and
(∆f) (p0) = 0.
Substituting (∆f) (p0) = 0 in (3.2), one obtains f˜C˜0 (p0) = 0 and we come to a
contradiction, which concludes the proof. 
Theorem 3.2. Let ϕ : M2 → R3 be a biconservative surface. Assume that
W = {p ∈M | (grad f)(p) 6= 0}
is dense and it has two connected components, W1 and W2. Assume that the bound-
aries of W1 and W2 in M coincide and their common boundary is a smooth curve
in M . Then, there exists a unique C˜0 such that ϕ(M) ⊂ S˜C˜0. Moreover, if M is
complete and simply connected, then up to isometries of the domain and codomain,
ϕ is the map given in Theorem 2.14.
Proof. Let us consider p0 ∈ ∂MW1 = ∂MW2. There exists an open subset U0 in
M , such that p0 ∈ U0 and ϕ|U0 : U0 → R3 is an embedding. Thus, we can identify
U0 = ϕ (U0) ⊂ R3.
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Since W1 and W2 are connected, open in M and grad f 6= 0 at any point of them,
from Theorem 2.6, one obtains that there exist C˜0 and C˜
′
0 such that ϕ (W1) is an
open subset of SC˜0 and ϕ (W2) is an open subset of SC˜′0
.
It is easy to see that U0 ∩W1 is open in W1 and then ϕ (U0 ∩W1) = U0 ∩W1 is
open in SC˜0 . Analogously, U0 ∩W2 is open in W2 and then ϕ (U0 ∩W2) = U0 ∩W2
is open in SC˜′0
.
We note that, as W is the reunion of two open disjoint subsets, and as W is dense
in M , one has
∂MW = ∂MW1 ∪ ∂MW2 = ∂MW1 = ∂MW2
= M \W
and
M = W ∪ ∂MW = W1 ∪W2 ∪ ∂MW1.
Therefore
U0 = U0 ∩M
= (U0 ∩W1) ∪ (U0 ∩W2) ∪
(
U0 ∩ ∂MW1
)
.
We consider U0 ∩ ∂MW1 as the image of a smooth curve γ : I → U0, γ′(s) 6= 0,
for any s ∈ I. It is clear from the proof of Theorem 3.1 that γ(s) ∈ S˜C˜0 and(
grad f˜C˜0
)
(γ(s)) = (grad f)(γ(s)). Further, the fact that (grad f)(γ(s)) = 0 will
follow as in the first part of the proof of Theorem 3.3 (for the simplicity of exposition
we do not include it here); γ(s) /∈ W1 but now W1 does not contain all the points
where grad f is different from zero (as in Theorem 3.1). Therefore, γ(s) belongs to
the boundary of SC˜0 in S˜C˜0 , for any s ∈ I, which is a circle of radius C˜
−3/2
0 . Using
the same argument, we see that γ(s) belongs to the boundary of SC˜′0
in S˜C˜′0
, for any
s ∈ I, which is a circle of radius C˜ ′−3/20 . Therefore, C˜0 = C˜ ′0 and ϕ(M) ⊂ S˜C˜0 .
If M is complete, ϕ : M → S˜C˜0 is a covering space with the projection ϕ and
thus ϕ(M) = S˜C˜0 . Moreover, if M is also simply connected, then M is a universal
covering of S˜C˜0 with the projection ϕ.
The map ϕC0 :
(
R2, gC0
)→ S˜C˜0 given in Theorem 2.14 is also a universal covering
projection and therefore there exists an isometry Θ between (M, g) and
(
R2, gC0
)
such that ϕC0 ◦Θ = ϕ. 
In the following, we restrict our study to the case when ϕ : M2 → R3 is an
embedding, i.e., S = ϕ(M) is a regular surface in R3. The next result is the main
ingredient for proving Conjecture 3.
Theorem 3.3. Let S be a complete non-CMC biconservative regular surface in R3.
Denote by
W = {p ∈ S | (grad f)(p) 6= 0}
and by W0 a connected component of W . Then, there exists a unique C˜0 > 0 such
that W0 = SC˜0. Moreover, the closure of W0 in S coincides with the closure of SC˜0
in S˜C˜0.
Proof. We note that W0 is closed and also open in W , as W0 is a connected com-
ponent of W , and W is an open subset of S. It is clear that W0 is also open in
S.
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We denote by ∂SW0 the boundary of W0 in S. It is non-empty, as if it was, W0
would be also closed in S, so W0 = S. But this implies S ⊂ SC˜0 , for some C˜0, which
contradicts the completeness of S.
We will prove that (grad f) (q) = 0, for any q ∈ ∂SW0. To do this, we assume
that there exists a point q0 ∈ ∂SW0 such that (grad f) (q0) 6= 0. Then, it follows
that one has an open ball B2 (q0; r0) in S, r0 > 0, such that grad f is different from
zero at any point.
Obviously, q0 belongs to the closure of W0 in S, and then B
2 (q0; r0) ∩W0 6= ∅.
Since B2 (q0; r0) and W0 are connected sets, we get that B
2 (q0; r0) ∪ W0 is also
connected. Moreover, as grad f is different from zero at any point of B2 (q0; r0), it
follows that B2 (q0; r0) ⊂W and, therefore B2 (q0; r0)∪W0 is a connected subset of
W . Now, from the maximality of W0 in W with respect to the inclusion, we have
B2 (q0; r0) ∪W0 = W0, i.e., B2 (q0; r0) ⊂ W0. Obviously, q0 ∈ W0, and this cannot
be true because q0 ∈ ∂SW0 and W0 is open S.
Thus, one has (grad f) (q) = 0, for any q ∈ ∂SW0.
From Theorem 2.6, since W0 is connected and grad f 6= 0 at any point of W0, one
obtains that there exists a unique C˜0 such that W0 is open in SC˜0 . Moreover, we
will prove that, as S is complete, W0 = SC˜0 .
Let us consider σC˜0 : (0,∞) → R2 the profile curve of SC˜0 , σC˜0(0,∞) ⊂ SC˜0 .
We can reparametrize σC˜0 by arc-length, such that the new curve, denoted also by
σC˜0 = σC˜0(θ), has the same orientation as the initial one, is defined on (0,∞) and
in zero has the same limit point
(
C˜
−3/2
0 , 0
)
on the boundary of SC˜0 . The new curve
σC˜0 is a parametrized geodesic of SC˜0 and
(
grad fC˜0
)(
σC˜0(θ)
)
6= 0, for any θ > 0.
Next, we will prove that σC˜0(0,∞) ⊂W0. Clearly, there exists a point θ0 ∈ (0,∞)
such that σC˜0 (θ0) ∈ W0. Since σC˜0 is continuous and W0 is open in SC˜0 , it follows
that exists ε0 > 0 such that (θ0 − ε0, θ0 + ε0) ⊂ (0,∞) and
σC˜0 (θ0 − ε0, θ0 + ε0) ⊂W0.
Assume that σC˜0(0,∞) 6⊂ W0, i.e., there exists θ′ ∈ (0,∞) \ (θ0 − ε0, θ0 + ε0) such
that σC˜0 (θ
′) 6∈W0.
Assume that θ′ ≥ θ0 + ε0. Denote
Ω =
{
θ | θ > θ0, σC˜0(θ) 6∈W0
}
and θ1 = inf Ω. Of course, θ1 ≥ θ0 + ε0 and σC˜0(θ) ∈W0 for any θ ∈ [θ0, θ1).
Next, we will see that σC˜0 (θ1) 6∈W0. Indeed, if σC˜0 (θ1) ∈W0, it follows that there
exists ε1 > 0 such that (θ1 − ε1, θ1 + ε1) ⊂ (0,∞) and σC˜0 (θ1 − ε1, θ1 + ε1) ⊂ W0.
Therefore we obtain a contradiction because, in this case, θ1 cannot be the infimum
of Ω.
Since σC˜0(θ) ∈ W0 for any θ ∈ [θ0, θ1), it is clear that σC˜0 (θ1) belongs to the
closure of W0 in SC˜0 , denoted by W0
SC˜0 . As σC˜0 (θ1) 6∈ W0 and W0 is open in SC˜0 ,
one obtains that σC˜0 (θ1) ∈ ∂
SC˜0W0, i.e. σC˜0 (θ1) belongs to the boundary of W0 in
SC˜0 .
We have seen that σC˜0(θ) ∈ W0, for any θ ∈ (θ0 − ε0, θ1). Now, since W0 is
open in S and σC˜0 is a parametrized geodesic of SC˜0 , we get that σC˜0 defined on
(θ0 − ε0, θ1) is also a parametrized geodesic of S. As S is complete, we can consider
the parametrized geodesic σS of S defined on the whole R such that σS
∣∣
(θ0−ε0,θ1) =
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σC˜0
∣∣∣
(θ0−ε0,θ1)
. Since σS and σC˜0 are continuous, we must have σ
S (θ1) = σC˜0 (θ1).
Now, we note that σS (θ1) ∈ ∂SW0, because σS (θ1) ∈W0S and σS (θ1) = σC˜0 (θ1) 6∈
W0. Therefore,
(3.3) (grad f)
(
σS (θ1)
)
= (grad f)
(
σC˜0 (θ1)
)
= 0.
We know that W0 is open in both S and SC˜0 , thus the mean curvature function
of S coincides with the mean curvature function of SC˜0 on W0, i.e., f |W0 = fC˜0
∣∣∣
W0
,
and their gradients are also equal, i.e., (grad f)|W0 =
(
grad fC˜0
)∣∣∣
W0
. Clearly,
(grad f)
(
σS(θ)
)
=
(
grad fC˜0
)(
σC˜0(θ)
)
, θ ∈ (θ0 − ε0, θ1) ,
and, then,∣∣(grad f) (σS(θ))∣∣ = ∣∣∣(grad fC˜0)(σC˜0(θ))∣∣∣ , θ ∈ (θ0 − ε0, θ1) .
We take the limit in the above relation and obtain∣∣(grad f) (σS (θ1))∣∣ = ∣∣∣(grad fC˜0)(σC˜0 (θ1))∣∣∣ .
Using (3.3), one gets a contradiction, because
(
grad fC˜0
)(
σC˜0 (θ1)
)
6= 0, as σC˜0 (θ1) ∈
SC˜0 .
Thus, σC˜0(θ) ∈W0, for any θ ≥ θ0 + ε0.
In the same way, we can prove that σC˜0(θ) ∈W0, also for any θ ≤ θ0 − ε0.
Finally, we obtain that σC˜0(0,∞) ⊂W0 and, then σC˜0 = σS
∣∣
(0,∞).
Now, we recall that SC˜0 is open in S˜C˜0 , and then W0 is also open in S˜C˜0 . Since
S˜C˜0 is complete, we can consider the parametrized geodesic σ˜C˜0 of S˜C˜0 defined on
the whole R such that σ˜C˜0
∣∣∣
(0,∞)
= σC˜0 = σ
S
∣∣
(0,∞). Obviously, σ
S(0) = σ˜C˜0(0), thus
σ˜C˜0
∣∣∣
[0,∞)
= σS
∣∣
[0,∞) and the closure of W0 in S is included in the closure of SC˜0 in
S˜C˜0 .
Further, we consider γ the curve parametrized by arc-length, defined on the whole
R, which gives the boundary of SC˜0 in S˜C˜0 . Clearly, γ is a parametrized geodesic of
S˜C˜0 . According to the above observations, it follows that there exist a, b ∈ R with
a < b, such that γ(a, b) belongs also to S. Moreover, γ defined on (a, b) is also a
geodesic of S because, along it, the normal vector field to S coincide with the normal
vector field to S˜C˜0 and it is collinear with the principal unit normal vector of γ|(a,b).
Since S is complete, we can consider γS : R → S the parametrized geodesic of S
such that γS
∣∣
(a,b)
= γ|(a,b).
We note that the maximal interval which contains (a, b) and has the property
that its image by γ is contained in S, is R. Indeed, assume that there exists b′,
b ≤ b′ < ∞, such that γ(a, b′) ⊂ S and γ(b′) /∈ S. It is now easy to see that, as
γS
∣∣
(a,b′) = γ|(a,b′), γ(b′) = γS(b′) ∈ S, and thus we get a contradiction.
Therefore, W0 = SC˜0 . 
Remark 3.4. The proof of Theorem 3.3 can be summarized as in Figure 2, where
the yellow region represents the connected component W0 of W in S, and the surface
of revolution represented in green is the corresponding SC˜0 (given by Theorem 2.6).
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Figure 2. The idea of the proof of Theorem 3.3
It is suggested that, in fact, all the meridians of SC˜0 which intersect W0 are contained
in W0 and then, as the boundary of W0 in S has to be the whole circle which gives
the boundary of SC˜0 in S˜C˜0 , W0 = SC˜0 .
A first consequence of the above result is the following theorem.
Theorem 3.5. Let S be a biconservative regular surface in R3. Assume that S is
compact. Then S is CMC, and therefore a round sphere.
Proof. Assume that S is non-CMC, i.e., W = {p ∈ S | (grad f)(p) 6= 0} is a non-
empty open subset of S. Let us consider W0 a connected component of W . From
Theorem 3.3, it follows that there exists C˜0 > 0 such that W0 = SC˜0 and the closure
of W0 in S coincides with the closure of SC˜0 in S˜C˜0 . Since SC˜0 is unbounded in R
3,
we obtain that S is unbounded too, and this is a contradiction as S is compact.
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The last part follows from a well-known result of Alexandrov (see, for example
[13]). 
Another consequence of Theorem 3.3 is the next result, which is a counter part
of Theorem 3.1 for regular surfaces.
Theorem 3.6. Let S be a complete non-CMC regular surface in R3. Assume that
W = {p ∈ S | (grad f)(p) 6= 0}
is connected. Then S cannot be biconservative.
Proof. Assume that S is biconservative. From Theorem 3.3 it follows that there
exists C˜0 > 0 such that W = SC˜0 and the closure of W in S coincides with the
closure of SC˜0 in S˜C˜0 .
It is easy to see that W is not dense in S, because if we assume so, then S = W
S
=
S
S˜C˜0
C˜0
. This would mean that S is a surface with boundary, fact that contradicts the
regularity of S. Therefore, S \WS is non-empty and open in S. We note that, as
S \W = S \WS = S \W,
we get
∂SW = ∂SW
S
= ∂S(S \WS).
Further, let us consider p0 ∈ ∂SW = ∂S
(
S \WS
)
, which is the circle of radius
C˜
−3/2
0 . Then there exists a sequence
(
p1n
)
n∈N∗ in W , with p
1
n 6= p0, for any n ∈ N∗
which converges to p0, with respect to the distance function dS on S, and another
sequence
(
p2n
)
n∈N∗ in S \W
S
, with p2n 6= p0, for any n ∈ N∗ which converges to p0,
with respect to the same dS . Since W and S \WS are open in S, grad f is different
from zero at any point of W , and grad f , ∆f vanish at any point of S \WS , we can
use the same argument as in the proof of Theorem 3.1 to obtain a contradiction.
Therefore, our assumption is false, and S cannot be biconservative. 
Now we can state the main result.
Theorem 3.7. Let S be a complete non-CMC biconservative regular surface in R3.
Then S = S˜C˜0.
Proof. We denote by W0 a connected component of the non-empty open subset
W = {p ∈ S | (grad f)(p) 6= 0} .
Then there exists a unique C˜0 such that W0 = SC˜0 and W0
S
= SC˜0
S˜C˜0 . We denote,
the surface SC˜0 by S
+
C˜0
. Let p0 ∈ ∂SW0, i.e., p0 is a point on a circle of radius C˜−3/20 .
We have three cases.
First, assume that there exists ε0 > 0 such that grad f vanishes at any point of
B2 (p0; ε0)\
(
B2 (p0; ε0) ∩W0S
)
. Then, there exists a sequence
(
p1n
)
n∈N∗ in W0, with
p1n 6= p0, for any n ∈ N∗ which converges to p0, with respect to the distance function
dS on S, and another sequence
(
p2n
)
n∈N∗ in B
2 (p0; ε0) \
(
B2 (p0; ε0) ∩W0S
)
, with
p2n 6= p0, for any n ∈ N∗ which converges to p0, with respect to the same dS . Since W0
and B2 (p0; ε0) \
(
B2 (p0; ε0) ∩W0S
)
are open in S, grad f is different from zero at
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any point of W0 and grad f vanishes at any point of B
2 (p0; ε0)\
(
B2 (p0; ε0) ∩W0S
)
,
we obtain a contradiction as in the proof of Theorem 3.1.
Second, let us assume that there exists ε0 > 0 such that grad f is different
from zero at any point of B2 (p0; ε0) \
(
B2 (p0; ε0) ∩W0S
)
. As the set B2 (p0; ε0) \(
B2 (p0; ε0) ∩W0S
)
is connected, it belongs to a connected component W˜0 of W . It
is clear that W˜0 has to coincide with S
−
C˜0
, where S−
C˜0
is the surface obtained by sym-
metry of S+
C˜0
with respect to the plane where its boundary lies, and thus S˜C˜0 ⊂ S.
Since S˜C˜0 is complete, then it cannot be extendible, so S˜C˜0 = S.
In the last case, assume that for any εn > 0, in B
2 (p0; εn) \
(
B2 (p0; εn) ∩W0S
)
there exists at least a point p1n such that (grad f)
(
p1n
)
= 0 and at least a point p2n
such that (grad f)
(
p2n
) 6= 0.
Let us consider an arbitrary ε1 > 0. Then there exists U1 an open subset of S
which contains p21, which is connected, U1 ⊂ B2 (p0; ε1) \
(
B2 (p0; ε1) ∩W0S
)
and
grad f does not vanish at any point of U1. If we consider the connected component
of W which contains U1, one can notice that this is a surface SC˜10
⊂ S and SC˜10
S
=
SC˜10
S˜
C˜10 . Moreover, SC˜10
∩ S+
C˜0
= ∅.
We note that the boundaries of any two connected components of W either coin-
cide or are disjoint.
Also, it is easy to see that the boundary of SC˜10
does not intersect the boundary of
S+
C˜0
. Indeed, if these two boundaries would intersect, they would coincide and SC˜10
=
S−
C˜0
. Therefore, S = S˜C˜0 and we come to a contradiction as the gradient of the mean
curvature function is different from zero at any point of S−
C˜0
but (grad f)(p1n) = 0.
Next, we can consider ε2 > 0 such that B
2 (p0; ε2) \
(
B2 (p0; ε2) ∩W0S
)
does not
intersect the boundary of SC˜10
. Using the same argument, one obtains another surface
SC˜20
⊂ S such that SC˜20 ∩S
+
C˜0
= ∅ and SC˜20 ∩SC˜10 = ∅. Moreover, SC˜20
S˜
C˜20 ∩S+
C˜0
S˜C˜0 = ∅
and SC˜20
S˜
C˜20 ∩ SC˜10
S˜
C˜10 = ∅. We continue in the same way and obtain a sequence of
surfaces
(
SC˜n0
)
n∈N∗
⊂ S, which are mutually disjoint and SC˜n0 ∩ S
+
C˜0
= ∅, for any
n ∈ N∗. Their boundaries are mutually disjoint too and they do not intersect
the boundary of S+
C˜0
. For any n ∈ N∗, the boundary of SC˜n0 is a circle of radius(
C˜n0
)−3/2
= 2/
(
3f˜C˜n0
)
, where f˜C˜n0
is the mean curvature function of S˜C˜n0
evaluated
at some point of the boundary of SC˜n0
. But f˜C˜n0
= f on SC˜n0
S˜C˜n0 , where f is the mean
curvature function of S. As f is continuous, the sequence
(
C˜n0
)−3/2
converges to the
radius of the circle that gives the boundary of S+
C˜0
, which is
(
C˜0
)−3/2
= 2/
(
3f˜C˜0
)
,
where f˜C˜0 is the mean curvature function of S˜C˜0 , f˜C˜0 = f on SC˜0
S˜C˜0 , evaluated at
some point of the boundary of SC˜0 .
Since S is a regular surface, we cannot have such a sequence
(
SC˜n0
)
n∈N∗
⊂ S. 
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